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Abstract The parabolic Bergman space is the set of all Lp-solutions of the parabolic
operator L(α). In this paper, we define L(α)-conjugates by using fractional derivatives,
which are the extension of harmonic conjugates. We study several properties of
L(α)-conjugates on parabolic Bergman spaces.
Keywords Parabolic operator of fractional order ·Heat equation ·Bergman space ·
Conjugate function
Mathematics Subject Classifications (2010) Primary 35K05; Secondary 26A33 ·
26D15
1 Introduction
Let H be the upper half-space of the (n + 1)-dimensional Euclidean space Rn+1(n ≥
1), that is, H = {(x, t) ∈ Rn+1; x ∈ Rn, t > 0}. For 0 < α ≤ 1, the parabolic operator
L(α) is defined by
L(α) = ∂t + (−x)α,
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where ∂t = ∂/∂t and x is the Laplacian with respect to x. Let C(H) be the set of
all real-valued continuous functions on H. For a positive integer k, Ck(H) denotes
the set of all k times continuously differentiable functions on H, and put C∞(H) =
∩kCk(H). Furthermore, let C∞c (H) be the set of all functions in C∞(H)with compact
support. A function u ∈ C(H) is said to be α-parabolic if L(α)u = 0 in the sense of
distributions (for details, see Section 2). For 1 ≤ p < ∞ and λ > −1, Lp(λ) is the set








where dV is the Lebesgue volume measure on H. The parabolic Bergman space
bpα (λ) is the set of all α-parabolic functions u on H which belong to L
p(λ). We remark
that bpα (λ) is a Banach space with the norm ‖ · ‖Lp(λ), and bp1/2(λ) coincides with the
harmonic Bergman space of Ramey and Yi [7]. Also, we note that bpα (λ) = {0} when
λ ≤ −1 (see Proposition 4.3 of [3]).
Our aim of this paper is the study of L(α)-conjugates on parabolic Bergman spaces.
In [7], Ramey and Yi study harmonic conjugates on harmonic Bergman spaces. In
[3], the authors study α-parabolic conjugate functions on parabolic Bergman spaces,
which are the extension of harmonic conjugates of Ramey and Yi. However, our
extension of [3] is not satisfactory, because there exist parabolic Bergman functions
which do not have α-parabolic conjugate functions (see Theorem A, below). Hence,
we consider to improve our extension in [3]. Therefore, in this paper, we introduce
the new notion of conjugacy which is called L(α)-conjugate, and investigate proper-
ties of L(α)-conjugates on parabolic Bergman spaces.
We give some notations. For a real number κ , let Dκt = (−∂t)κ be the fractional
differential operator, and FCκ the class of functions ϕ on R+ = (0,∞) such that
Dκt ϕ is well-defined (for the explicit definitions of Dκt and FCκ , see Section 2).
Let ∂ j = ∂/∂x j. And let N0 = N ∪ {0}. For a multi-index β = (β1, · · · , βn) ∈ Nn0 , let
∂
β
x = ∂ |β|/∂x1β1 · · · ∂xnβn , where |β| = β1 + · · · + βn. We begin with describing the
definition of harmonic conjugates. Following [6], harmonic conjugates will be defined
by the generalized Cauchy-Riemann equations below.
Definition A [6] Let u be a function on H. An n-tuple (v1, · · · , vn) is called a
harmonic conjugate of u if an (n + 1)-tuple (v1, · · · , vn, u) satisfies the following
generalized Cauchy-Riemann equations;
∂ jvk = ∂kv j (1 ≤ j,k ≤ n), (1.1)





∂ jv j. (1.3)
In our previous paper [3], we extended the notion of harmonic conjugates by using
fractional derivatives. In the following definition, we describe previous extension
in [3].
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Definition B (Definition 1 of [3]) Let u be a function on H. An n-tuple (v1, · · · , vn)
is called an α-parabolic conjugate function of u if v j ∈ C1(H) and an (n + 1)-tuple
(v1, · · · , vn,u) satisfies Eqs. 1.1, 1.2, and the following equation;
D 1α −1t u =
n∑
j=1
∂ jv j. (1.3′)
The following theorem is the main result of [3].
Theorem A (Theorem 1 of [3]). Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and u ∈ bpα(λ).
If α, p, and λ satisfy the condition η = p( 12α − 1) + λ > −1, then there exists a unique
α-parabolic conjugate function (v1, · · · , vn) of u such that v j ∈ bpα (η). Also, there exists




‖v j‖Lp(η) ≤ C‖u‖Lp(λ).
We note that similar statements in TheoremA can not hold for the case η = ( 12α −
1)p + λ ≤ −1, because bpα(η) = {0} when η ≤ −1. For example, if α = 1, p = 2, and
λ = 0, then η does not satisfy the condition η = ( 12α − 1)p + λ > −1. However, when
α = 1 and n = 1, Kochneff and Sagher introduced conjugate temperatures of heat
solutions in [4]. An idea of [4] is effective in our investigation. Now, we introduce
new notion of conjugacy which are called L(α)-conjugates.
Definition 1 Let u be a function on H. An n-tuple (v1, · · · , vn) is called an L(α)-
conjugate of u if v j(x, ·),u(x, ·) ∈ FC 12α and an (n + 1)-tuple (v1, · · · , vn,u) satisfies
the following equations;
∂ jvk = ∂kv j (1 ≤ j,k ≤ n), (N.1)
∂ ju = −D
1
2α
t v j (1 ≤ j ≤ n), (N.2)
and
D 12αt u =
n∑
j=1
∂ jv j. (N.3)
We note that when α = 1/2, Definition 1 coincides with Definition A. The
following theorem is the main result of this paper.
Theorem 1 Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and u ∈ bpα (λ). Then there exists
a unique L(α)-conjugate (v1, · · · , vn) of u such that v j ∈ bpα (λ). Also, there exists a




‖v j‖Lp(λ) ≤ C‖u‖Lp(λ). (1.4)
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Theorem 1 asserts that the L(α)-conjugate of u ∈ bpα (λ) always exists for all 0 <
α ≤ 1, 1 ≤ p < ∞, and λ > −1. Furthermore, for u ∈ bpα(λ), the functions v j belong
to the same Banach space bpα (λ).
In [3], we give the estimates of tangential derivative norms on bpα (λ) by using
Theorem A. We also obtain the same estimates by using Theorem 1, which are the
following.
Theorem 2 Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and u ∈ bpα (λ). Then, for each m ∈








Also, we give the inversion theorem.
Theorem 3 Let 0 < α ≤ 1, 1 ≤ p < ∞, and λ > −1. Suppose an n-tuple (v1, · · · , vn)
satisf ies v j ∈ bpα (λ) and Eq. N.1 . Then, there exists a unique function u ∈ bpα(λ)
such that (v1, · · · , vn) is the L(α)-conjugate of u. Also, there exists a constant C > 0








This paper is constructed as follows. In Section 2, we present basic properties of
parabolic Bergman functions. In Section 3, we give the proof of Theorems 1 and 2. In
Section 4, we give the proof of Theorem 3. In Section 5, we give more consideration
for L(α)-conjugates. As an application, we study isomorphisms on parabolic Bergman
spaces.
Throughout this paper, we will denote by C a positive constant whose value may
not necessarily be the same at each occurrence.
2 Preliminaries
In this section, we present basic properties of parabolic Bergman functions. We give
the definition of α-parabolic functions. We describe the operator (−x)α . Since the
case α = 1 is trivial, we consider the case 0 < α < 1. For 0 < α < 1, (−x)α is the
convolution operator defined by




(ψ(y, t) − ψ(x, t))|y − x|−n−2αdy
for all ψ ∈ C∞c (H) and (x, t) ∈ H, where cn,α = −4απ−n/2((n + 2α)/2)/(−α) > 0.
A function u ∈ C(H) is said to be α-parabolic on H if u satisfies the following
condition: for every ψ ∈ C∞c (H),∫
H
∣∣u · L˜(α)ψ∣∣dV < ∞ and
∫
H
u · L˜(α)ψdV = 0,
where L˜(α) = −∂t + (−x)α is the adjoint operator of L(α).
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We introduce the fundamental solution of L(α). For x ∈ Rn, the fundamental










−t|ξ |2α + √−1 x · ξ
)
dξ t > 0
0 t ≤ 0,
where x · ξ denotes the inner product on Rn. It is known that W(α) is α-parabolic on
H and W(α) ∈ C∞(H).
We present definitions of fractional integral and differential operators. Let C(R+)
be the set of all continuous functions on R+ = (0,∞). For a positive real number
κ , let FC−κ be the set of all functions ϕ ∈ C(R+) such that there exists a constant
ε > 0 with ϕ(t) = O(t−κ−ε) as t → ∞. We remark that FC−ν ⊂ FC−κ if 0 < κ ≤ ν.






τκ−1ϕ(t + τ)dτ, t ∈ R+. (2.1)
Furthermore, let FCκ be the set of all functions ϕ ∈ Cκ(R+) such that ∂κt ϕ ∈
FC−(κ−κ), where κ is the smallest integer greater than or equal to κ . In particular,
we will writeFC0 = C(R+). For ϕ ∈ FCκ , we can also define the fractional derivative
of ϕ with order κ by
Dκt ϕ(t) = D−(κ−κ)t (−∂t)κϕ(t), t ∈ R+. (2.2)
Also, we define D0t ϕ = ϕ. For a real number κ , we may often call Dκt the fractional
derivative of ϕ with order κ . Moreover, we call Dκt the fractional differential operator
with order κ .
We recall the definition of the parabolic Bergman space. For 1 ≤ p < ∞ and









We present basic properties with respect to fractional derivatives for parabolic
Bergman functions, which are given in Proposition 4.1 of [1].
Lemma 2.1 (Proposition 4.1 of [1]) Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, β ∈ Nn0 , and
κ > −( n2α + λ + 1) 1p be a real number. If u ∈ bpα (λ), then the following statements hold.
(1) The derivatives ∂βxDκt u andDκt ∂βx u are well-defined, and
∂βxDκt u(x, t) = Dκt ∂βx u(x, t)
for all (x, t) ∈ H, Moreover, there exists a constant C > 0 such that
∣∣∂βxDκt u(x, t)∣∣ ≤ Ct− |β|2α −κ−( n2α +λ+1) 1p ‖u‖Lp(λ)
for all (x, t) ∈ H.
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(2) Let ν be a real number such that κ + ν > −( n2α + λ + 1) 1p . Then,
Dνt ∂βxDκt u(x, t) = ∂βxDκ+νt u(x, t)
for all (x, t) ∈ H.
(3) ∂βxDκt u is α-parabolic on H.
We also present the following lemma, which is given in [3].
Lemma 2.2 (Lemma 5.1 of [3]) Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and u ∈ bpα(λ).
Then,
(
D 1αt + x
)
u(x, t) = 0
for all (x, t) ∈ H.
In [1], we give the following reproducing formula on bpα(λ), which plays an
important role for our argument.
Lemma 2.3 (Theorem 5.2 of [1]) Let 0 < α ≤ 1, 1 ≤ p < ∞, and λ > −1. Also, let
ν > − λ+1p and κ > λ+1p be real numbers. Then, the reproducing formula
u(x, t) = Cν+κ
∫
H
Dνt u(y, s)Dκt W(α)(x − y, t + s)sν+κ−1dV(y, s) (2.3)
holds for all u ∈ bpα (λ) and (x, t) ∈ H, where Cκ = 2κ/(κ). Moreover, the reproduc-
ing formula (2.3) also holds when p = 1 and κ = λ + 1.
Let γ ∈ Nn0 and κ, ρ ∈ R. For a function f on H, let
Pγ,κ,ρα f (x, t) :=
∫
H
f (y, s)∂γxDκt W(α)(x − y, t + s)sρdV(y, s), (x, t) ∈ H.
In Theorem 3.1 of [3], the authors show the following result.
Lemma 2.4 (Theorem 3.1 of [3]) Let 0 < α ≤ 1, 1 ≤ p < ∞, and σ ∈ R. Suppose that
a multi-index γ ∈ Nn0 and κ, ρ ∈ R with κ > − n2α satisfy





p + σ − ρp.
Then, for every f ∈ Lp(σ), the following statements hold.
(1) There exists a constant C > 0 independent of f such that
‖Pγ,κ,ρα f‖Lp(η) ≤ C‖ f‖Lp(σ ),
where η = ( |γ |2α + κ − ρ − 1)p + σ . Moreover, Pγ,κ,ρα f is α-parabolic on H.
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(2) Furthermore, let β ∈ Nn0 be a multi-index and ν ∈ R. If ν satisfies
ν + κ > − n
2α
and p − 1 <
( |γ |
2α
+ ν + κ
)
p + σ − ρp,
then ∂βxDνt Pγ,κ,ρα f (x, t) is well-def ined for every (x, t) ∈ H and ∂βxDνt Pγ,κ,ρα f =
Pβ+γ,ν+κ,ρα f , that is,
∂βxDνt Pγ,κ,ρα f (x, t) =
∫
H
f (y, s)∂β+γx Dν+κt W(α)(x − y, t + s)sρdV(y, s).
Consequently, put η =
( |β|+|γ |
2α + ν + κ − ρ − 1
)
p + σ , then there exists a con-
stant C > 0 independent of f such that∥∥∂βxDνt Pγ,κ,ρα f∥∥Lp(η) ≤ C ‖ f‖Lp(σ )
and ∂βxDνt Pγ,κ,ρα f ∈ bpα(η).
Finally, we present the following lemma, which gives estimates of derivative norms
on parabolic Bergman spaces.
Lemma 2.5 (Corollary 3.2 of [3]) Let 0 < α ≤ 1, 1 ≤ p < ∞, and λ > −1. Then, for









for all u ∈ bpα (λ), where γ ∈ Nn0 denotes a multi-index.
3 L(α)-Conjugates of b pα (λ)-Functions
In this section, we give the proofs of Theorems 1 and 2. First, we prepare the
following proposition, which is used in the later argument.
Proposition 3.1 Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and γ ∈ Nn0 be a multi-index.





λ > −1. Then, for u ∈ bpα (λ), the derivative Dνt ∂γx u is well-def ined and belongs to
bpα (η). Moreover, there exists a constant C > 0 independent of u such that∥∥Dνt ∂γx u∥∥Lp(η) ≤ C‖u‖Lp(λ). (3.1)
Proof Let u ∈ bpα(λ). Then Lemma 2.3 implies that
u(x, t) = Cλ+2
∫
H
u(y, s)Dλ+2t W(α)(x − y, t + s)sλ+1dV(y, s)
= Cλ+2 P0,λ+2,λ+1α u(x, t).
Let η′ = |γ |2α p + λ. Then by (2) of Lemma 2.4, we have
∂γx u = ∂γx
(
Cλ+2 P0,λ+2,λ+1α u
) = Cλ+2 Pγ,λ+2,λ+1α u
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and
‖∂γx u‖Lp(η′) = Cλ+2‖Pγ,λ+2,λ+1α u‖Lp(η′) ≤ C‖u‖Lp(λ).
Consequently, ∂γx u belongs to b
p
α (η
′). Let ν be a real number which satisfies ν >




p + λ. Then by (2) of Lemma 2.4, we have
Dνt ∂γx u = Dνt
(
Cλ+2 Pγ,λ+2,λ+1α u
) = Cλ+2 Pγ,ν+λ+2,λ+1α u
and
∥∥Dνt ∂γx u∥∥Lp(η) = Cλ+2
∥∥Pγ,ν+λ+2,λ+1α u∥∥Lp(η) ≤ C‖u‖Lp(λ).
Hence, we obtain the inequality (3.1), and Dνt ∂γx u belongs to bpα(η). This completes
the proof. unionsq
Now, we give the proof of Theorem 1.
Proof of Theorem 1 Let u ∈ bpα(λ) and 1 ≤ j ≤ n. By Proposition 3.1, we can define
a function v j on H by
v j(x, t) = −D−
1
2α
t ∂ ju(x, t), (x, t) ∈ H (3.2)
and there exists a constant C > 0 independent of u such that
‖v j‖Lp(λ) ≤ C‖u‖Lp(λ). (3.3)
Consequently, v j belongs to b
p
α (λ).
We show that the (n + 1)-tuple (v1, · · · , vn,u) satisfies Eqs. N.1, N.2, and N.3. We
note that ∂ ju = D0t ∂ ju belongs to bpα (λ + p2α ) by Proposition 3.1. Therefore by (2) of
Lemma 2.1,
∂kv j = −∂kD−
1
2α
t ∂ ju = −D−
1
2α
t ∂ j∂ku, (1 ≤ j,k ≤ n). (3.4)
Hence, we have ∂kv j = ∂ jvk, that is, Eq. N.1 is satisfied. Also, (2) of Lemma 2.1
implies that






t ∂ ju = ∂ ju,
that is, Eq. N.2 is satisfied. We show that Eq. N.3 is satisfied. By Eq. 3.4, we have
n∑
j=1













⎠ = D− 12αt (−xu).
Hence, Lemma 2.2 and (2) of Lemma 2.1 imply that
n∑
j=1










Thus, Eq. N.3 is satisfied.
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We show the inequalities (1.4). Since the second inequality of Eq. 1.4 is already
given by Eq. 3.3, it suffices to show the first inequality of Eq. 1.4. By Lemma 2.5 with
ν = 12α , Eq. N.3, and Proposition 3.1, we have the following estimates.
‖u‖Lp(λ) ≤ C






















Therefore, we obtain the first inequality of Eq. 1.4.
Suppose that (u1, · · · ,un) be an L(α)-conjugate of u with u j ∈ bpα (λ). We show that
v j = u j. By Lemma 2.5 and Eq. N.2, we obtain
‖v j − u j‖Lp(λ) ≤ C








Hence, we have v j = u j. This completes the proof. unionsq
As an application of Theorem 3.2, we give the estimates of tangential derivative
norms on parabolic Bergman spaces, that is, we give the proof of Theorem 2.
Proof of Theorem 2 Let u ∈ bpα (λ). Since the second inequality of Eq. 1.5 is given by
Lemma 2.5 with ν = m, it suffices to show the first inequality of Eq. 1.5. We show
the first inequality of Eq. 1.5 by the induction on m. Let m = 1. Then, Theorem 3.2
implies that there exists the L(α)-conjugate (v1, · · · , vn) of u with v j ∈ bpα (λ) satisfying




‖v j‖Lp(λ) ≤ C
n∑
j=1










Therefore, we obtain ‖u‖Lp(λ) ≤ ∑|γ |=1 ‖t |γ |2α ∂γx u‖Lp(λ). We assume that the first in-
equality of Eq. 1.5 holds for some m. We show that the first inequality of Eq. 1.5 also
holds for m + 1. Let η = λ + m2α p. Then by the hypothesis, there exists a constant










∥∥∂γx u∥∥Lp(η) . (3.6)
Since v = ∂γx u ∈ bpα(η) by Proposition 3.1, the inequality (3.5) implies that
∥∥∂γx u∥∥Lp(η) = ‖v‖Lp(η) ≤ C
n∑
j=1










534 Y. Hishikawa et al.





















Therefore, we obtain the first inequality of Eq. 1.5. This completes the proof. unionsq
4 Inversion Theorem
In this section, we give the inversion theorem, that is, we give the proof of Theorem 3.
Proof of Theorem 3 Let v j ∈ bpα (λ) which satisfies Eq. N.1. By Proposition 3.1, we




D− 12αt ∂ jv j(x, t), (x, t) ∈ H










∥∥v j∥∥Lp(λ) . (4.1)
Consequently, u belongs to bpα (λ).
We show that the (n + 1)-tuple (v1, · · · , vn,u) satisfies Eqs. N.2 and N.3. We note
that ∂ jv j belongs to b
p








t ∂ jv j =
n∑
j=1









⎠ = D− 12αt (xvk).











= −D 12αt vk,
that is, Eq. N.2 is satisfied. Also, (2) of Lemma 2.1 implies that



















that is, Eq. N.3 is satisfied.
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Suppose that v ∈ bpα(λ) and (v1, · · · vn) is an L(α)-conjugate of v. We show that
u = v. By Lemma 2.5 and Eq. N.3, we obtain
‖u − v‖Lp(λ) ≤ C





















Thus, we have u = v.
The estimates of Eq. 1.6 are given by Theorem 3.2, directly. Thus, this completes
the proof. unionsq
5 A Generalization of L(α)-Conjugates and their Applications
In this section, we generalize the definition of L(α)-conjugates, and investigate
properties of generalized L(α)-conjugates on parabolic Bergman spaces. First, we
introduce the following definition.
Definition 5.1 Let κ and ν be real numbers. Also, let u be a function on H. An
n-tuple (v1, · · · , vn) is called a (κ, ν)-conjugate of u if u, v j ∈ C1(H), v j(x, ·) ∈ FCκ ,
u(x, ·) ∈ FCν , and (v1, · · · , vn,u) satisfies the following equations;
∂ jvk = ∂kv j (1 ≤ j,k ≤ n), (5.1)





∂ jv j. (5.3)
We remark that a (κ, ν)-conjugate with κ = ν = 12α coincides with an L(α)-
conjugate of Definition 1. Also, a (κ, ν)-conjugate with κ = 1 and ν = 1
α
− 1 coincides
with an α-parabolic conjugate function of Definition B. Hence, the notion of (κ, ν)-
conjugates contains that of L(α)-conjugates and α-parabolic conjugate functions.
Now, we show themain result of this section. In the following theorem, we investigate
properties of (κ, ν)-conjugates on parabolic Bergman spaces.
Theorem 5.2 Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and u ∈ bpα (λ). Furthermore, let κ





λ. Then, there exists a unique (κ, ν)-conjugate (v1, · · · , vn) of u such that v j ∈ bpα (η).




‖v j‖Lp(η) ≤ C‖u‖Lp(λ). (5.4)
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Proof Let u ∈ bpα (λ) and 1 ≤ j ≤ n. By Proposition 3.1, we can define a function v j
on H by
v j(x, t) = −D−κt ∂ ju(x, t), (x, t) ∈ H
and there exists a constant C > 0 independent of u such that
‖v j‖Lp(η) ≤ C‖u‖Lp(λ). (5.5)
Consequently, v j belongs to b
p
α (η).
We show that the (n + 1)-tuple (v1, · · · , vn, u) satisfies Eq. 5.1, 5.2, and 5.3. We
note that ∂ ju belongs to b
p
α (λ + p2α ) by Proposition 3.1. Therefore, (2) of Lemma 2.1
implies that
∂kv j = −∂kD−κt ∂ ju = −D−κt ∂ j∂ku. (5.6)
Hence, we have ∂kv j = ∂ jvk, that is, Eq. 5.1 is satisfied. Also by (2) of Lemma 2.1, we
have
−Dκt v j = −Dκt (−D−κt ∂ ju) = ∂ ju,
that is, Eq. 5.2 is satisfied. We show that Eq. 5.3 is satisfied. By Eq. 5.6, we have
n∑
j=1
∂ jv j =
n∑
j=1







⎠ = D−κt (−xu).
Thus, Lemma 2.2 and (2) of Lemma 2.1 imply that
D−κt (−xu) = D−κt D
1
α
t u = D−κ+
1
α
t u = Dνt u,
because κ + ν = 1
α
. Therefore, Eq. 5.3 is satisfied.
We show the inequalities (5.4). Since the second inequality of Eq. 5.4 is already
given by Eq. 5.5, it suffices to show the first inequality of Eq. 5.4. By Lemma 2.5,
Eq. 5.3, and Proposition 3.1, there exists a constant C > 0 independent of u such that
‖u‖Lp(λ) ≤ C





























Therefore, we obtain the first inequality of Eq. 5.4.
Suppose that (u1, · · · ,un) is a (κ, ν)-conjugate of u with u j ∈ bpα (η). We show that
v j = u j. By Lemma 2.5 and Eq. 5.2, we obtain∥∥v j − u j∥∥Lp(η) ≤ C
∥∥tκDκt (v j − u j)∥∥Lp(η) = C
∥∥tκ(∂ ju − ∂ ju)∥∥Lp(η) = 0.
Therefore, we have v j = u j. This completes the proof. unionsq
We remark that Theorem 5.2 is a generalization of Theorems A and 1. Also, for
u ∈ bpα (λ) and η > −1, Theorem 5.2 implies that there exists a unique (κ, ν)-conjugate
(v1, · · · , vn) of u such that v j ∈ bpα (η), where κ = 12α + λ−ηp and κ + ν = 1α .
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As an application of Theorem 5.2, we study the isomorphism on parabolic
Bergman spaces. We already gave the isomorphism on the parabolic Bergman space
with p = 1 in Theorem 6.6 of [2].
Proposition 5.3 (Theorem 6.6 of [2]). Let 0 < α ≤ 1 and η, λ > −1. Then, b1α(η) ∼=
b1α(λ) under the isomorphism π(u) = Dλ−ηt u for all u ∈ b1α(η).
In the following theorem, we show that Proposition 5.3 can be extended to the full
range 1 ≤ p < ∞.
Theorem 5.4 Let 0 < α ≤ 1, 1 ≤ p < ∞, and η, λ > −1. Then, bpα(η) ∼= bpα (λ).
Proof Let u ∈ bpα (λ). Put κ = 12α + λ−ηp and ν = 12α − λ−ηp . Then by Theorem 5.2,
there exists a unique (κ, ν)-conjugate (v1, · · · , vn) of u such that v j ∈ bpα (η). Also,
Theorem 4.1 implies that there exists a unique function v ∈ bpα(η) such that
(v1, · · · , vn) is the L(α)-conjugate of v. Thus, this completes the proof. unionsq
Remark 5.5 In the proof of Theorem 5.4, we give the isomorphism π : bpα (η) →
bpα (λ) by π(v) = D
λ−η
p
t v. In fact, Theorems 4.1 and 5.2 imply that functions v, u, and
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